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Nonlocal correlations as revealed by the violations to Bell inequalities are incompatible with
local models without any nonlocal correlations. However some tripartite entangled states, e.g.,
symmetric pure states, exhibit a stronger nonlocality even incompatible with hybrid local/nonlocal
models allowing nonlocal correlations between any two parties. Here we propose a three-particle
Hardy-type test without inequality, as illustrated by a gedanken experiment, that is failed by all
non-signaling local models while is passed by all tripartite entangled asymmetric pure states. Our
result implies that every tripartite entangled state, regardless of the dimensions of the underlying
Hilbert spaces, passes a Hardy-type test and therefore is genuine tripartite nonlocal. Maximal
success probability and a generalization to multipartite cases of our test are also presented.
Entanglement and nonlocality are two different but in-
trinsically related quantum features, both playing impor-
tant roles in our fundamental understandings of physical
world as well as in various novel quantum informational
tasks. It was first shown by Bell [1] that there are entan-
gled states that do not admit any local realistic models
and therefore are nonlocal. Much later Werner [2], after
giving an accurate definition to entangled mixed states,
showed that there are entangled states that admit lo-
cal realistic models. For pure states, however, Gisin [3]
proved that all entangled bipartite pure states violate a
Bell inequality [4], and therefore are nonlocal. Gisin’s
result was generalized to multipartite scenario [5–8] and
specially it was shown [8] that all the pure states vio-
late a single Bell inequality arising from Hardy’s test for
nonlocality without inequality.
The local realistic models excluded by Bell inequali-
ties, as well as other ingenious approaches such as GHZ
paradoxes [9, 10] or Hardy’s test without inequality [11],
forbid any sorts of nonlocal correlations. In the case of
three particles, however, nonlocality can still be involved
in a ‘local’ model, e.g., any two particles out of three may
share some nonlocal correlations. Imagine that three par-
ticles are distributed among three distant observers 1, 2,
and 3, who may perform some two-outcome measure-
ments. In a most general hybrid local/non-local model,
the joint probability of three observers measuring observ-
ables a1, a2, and a3 with outcomes, e.g., 0, 1, and 0, re-
spectively, has a bi-local form
P (a1a¯2a3) =
∫
dλ ̺λLλ(a1)Sλ(a¯2a3)+∫
dλ ̺′λL
′
λ(a¯2)S
′
λ(a1a3)+∫
dλ ̺′′λL
′′
λ(a3)S
′′
λ(a1a¯2). (1)
Here S
(′,′′)
λ and L
(′,′′)
λ are some bipartite and single-
particle probability distributions, respectively, for a given
hidden variable λ distributed according to ̺
(′,′′)
λ , respec-
tively. It was first shown by Svetlinchy [12] that, via the
violation of a Bell-type inequality, some tripartite en-
tangled states even do not admit such a general kind of
local models and therefore these states exhibit genuine
tripartite nonlocality. Svetlinchy’s result has also been
generalized to different cases [13–16].
However, Svetlincy’s notion of genuine multipartite
nonlocality is so general that nonlocal correlations shared
by part of observers may even allow signaling. Moreover
it is found numerically that certain tripartite entangled
pure state does not violate any Svetlinchy-like inequali-
ties [17]. Since a reasonable physical theory should not
permit signaling, it is natural to work only with non-
signaling correlations. In particular, all bipartite joint
probability distributions appeared in Eq.(1), should sat-
isfy non-signaling constraints such as
Sλ(a2b3) + Sλ(a¯2b3) = Sλ(b2b3) + Sλ(b¯2b3), (2a)
Sλ(a2b3) + Sλ(a2b¯3) = Sλ(a2a3) + Sλ(a2a¯3), (2b)
where a2,3, b2,3 are two different measurement settings
for particles 2 and 3. A genuine multipartite correla-
tion should also exclude such kinds of non-signaling local
models [17]. One fundamental task now is to ascertain
whether or not a given set of joint probabilities can be
casted into the bi-local form Eq.(1).
Besides the statistical approach via Bell-type inequal-
ities [12, 17], Hardy-type tests without inequality have
also been proposed recently. One Hardy-type argument
[18] is introduced to detect genuine multipartite entan-
glement, singling out a special kind of entangled pure
states. Another Hardy-type argument [19] is introduced
to detect genuine multipartite nonlocality and all entan-
gled symmetric pure states are found to be genuine mul-
tipartite nonlocal. Though there are strong numerical
evidences for the violations of a Bell-type inequality [17]
and the survival of a Hardy-type test [19] by all fully
entangled 3-qubit pure states, it is still unknown even
for tripartite systems whether these two notions, genuine
multipartite entanglement and genuine multipartite non-
locality, are equivalent or not for pure states.
In this Letter we completely solve this problem for
three particles with the help of another Hardy-type test
for genuine tripartite nonlocality without inequality. Af-
ter showing that our test is failed by all non-signaling
local models, we propose a gedanken experiment to illus-
trate a Hardy-type paradox for genuine tripartite nonlo-
cality. Then we identify all the fully entangled 3-qubit
pure states that pass or fail our test. Via a local pro-
jection to a 3-qubit subspace, every tripartite entangled
pure state, regardless of the dimensions of underlying
Hilbert space, also passes a Hardy-type test and thus is
genuine tripartite nonlocal. A generalization to multi-
partite cases and the maximal survival probability of our
test are also presented.
Suppose that each observer k = 1, 2, 3 measures two
dichotomic observables ak and bk with outcomes labeled
by 0 and 1. We propose the following six conditions
P (a1a2a3) > 0, (3a)
P (a1a2b¯3) = 0, (3b)
P (a1b¯2a3) = 0, (3c)
P (a1b2b3) = 0, (3d)
P (b1a2b3) = 0, (3e)
P (b¯1b¯2b3) = 0. (3f)
to detect genuine tripartite nonlocality. We observe that,
firstly, if the last condition is replaced with the condition
P (b¯1a2a3) = 0 then the Hardy-type test proposed in [19]
is reproduced in the case of three particles. Secondly,
the first four conditions in the above test are exactly
Hardy’s test for bipartite nonlocality without inequality
for subsystem 2 and 3, conditioned on the first observer’s
measurement of a1 with 0 as outcome.
All non-signaling local models fail our Hardy-type test
Eq.(3), in which every joint probability appearing in our
test Eq.(3), e.g., P (a1a2a3), has exactly the same bi-local
form as in Eq.(1) for P (a1a¯2a3). In fact, because of the
second observation made above the first four conditions
cannot be simultaneously satisfied if particle 2 or 3 does
not share nonlocal correlations with others. Suppose now
particle 1 is local, i.e., there are some hidden variables λ
such that Lλ(a1)Sλ(a2a3) > 0 because of the first con-
dition Eq.(3a). However this is impossible due to the
following contradiction
0 = Lλ(b¯1)Sλ(b¯2b3) + Lλ(a1)Sλ(b2b3)
≥ min{Lλ(a1), Lλ(b¯1)}[Sλ(b2b3) + Sλ(b¯2b3)]
= min{Lλ(a1), Lλ(b¯1)}[Sλ(a2b3) + Sλ(a¯2b3)]
≥ [Lλ(a1)− Lλ(b1)]Sλ(a2b3)
= Lλ(a1)Sλ(a2b3)
= Lλ(a1)[Sλ(a2b3) + Sλ(a2b¯3)]
= Lλ(a1)[Sλ(a2a¯3) + Sλ(a2a3)] > 0. (4)
Here the first equality is because of conditions Eq.(3d)
and Eq.(3f) and the second and last equalities are due
to the non-signaling constraints Eq.(2a) and Eq.(2b), re-
spectively, while the third and fourth equalities are due
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FIG. 1: A gedanken experiment for testing genuine tripartite
nonlocality without inequality. Each observer has the freedom
of choosing two alternative measurement settings character-
ized by the phase shifts and transmission-to-reflection ratios
of the beam mergers. For example if observer 3 measures the
first observable a3 then the phase shifter ϕ0 = arcsin
1√
5
− pi
and 1:5 beam merger are chosen with upper and lower detec-
tors corresponding to outcomes 0 and 1 respectively.
to conditions Eq.(3e) and Eq.(3b), respectively. The sec-
ond inequality is due to the fact that Lλ(b1) ≥ 0 and
Lλ(a1) ≤ 1 = Lλ(b1) + Lλ(b¯1). To conclude, conditions
in Eq.(3) are incompatible with the bi-local form of joint
probability distributions. Thus if a tripartite quantum
mechanical state passes our test, i.e., all conditions in
Eq.(3) are satisfied, then the state cannot have a non-
signaling local model and therefore is genuine tripartite
nonlocal. Let us elucidate our test by an example first.
We consider a gedanken experiment similar to the one
given by Hardy for two particles that includes three over-
lapped Mach-Zehnder interferometers for two electrons
and a positron as depicted in Fig.1. When the first elec-
tron takes the lower path 0 and the positron takes the
upper path 1, or the second electron take the upper path
and the positron takes the lower path, then they annihi-
late and produce a photon pair. After the post-selection
of the no-photon cases, the state of the whole system
before the detectors reads
|000〉+ |100〉+ |110〉+ |111〉. (5)
Consider the measurement settings |b1〉 = |b3〉 = |a2〉 =
|0〉 + i|1〉 and |b2〉 = |0〉 + |1〉, |a1〉 = |0〉 + x|1〉 and
|a3〉 = x|0〉 + |1〉 with x = (i − 2)/5. It can readily be
checked that all conditions in Eq.(3) are satisfied with a
small but nonzero success probability P (a1a2a3) = 1/72.
For examples the detector a3 never fires if both detectors
a1 and b¯2 are triggered as required by condition Eq.(3b)
while it is possible for a1, a2, a3 to fire simultaneously, a
fact incompatible with any non-signaling local models.
Suppose that the positron or the second electron is
local while the other two particles may have some con-
spiracies, we have an effective 2-particle Hardy’s paradox.
Consider, e.g., the positron is local while two electrons
may share some nonlocal correlations. The simultaneous
clicks of detectors a1, a2, a3 mean that i) a1 never fires
along with b¯3 due to Eq.(3b) and ii) b2 always fires due
to Eq.(3c) so that a1 never fires along with b3 due to
Eq.(3d). As a result of non-signaling conditions a1 never
fires which contradicts the fact that a1 fires along with
a2 and a3. Suppose now that the first electron is local
while the second electron and the positron have some
conspiracies. A click of detector a1 means that b3 al-
ways fires along with a2 and b3 never fires along with b2
due to Eq.(3b) and Eq.(3d), respectively. Due to Eq.(3e)
the detector b1 cannot fire so that b3 is never triggered
along with b¯2 due to condition Eq.(3f). As a result of
non-signaling conditions, that b3 is neither trigged along
with b2 nor with b¯2 infers that b3 would not fire at all if
observable b3 were measured, which contradicts the fact
that it would fire along with a2.
Let us consider a general 3-qubit pure state |ψ〉 and in
its magic basis, which is introduced in [8] to derive the
violation of a single Bell inequality by all entangled pure
states, we have expansion
|ψ〉 = h∗|000〉+ u|011〉+ v|101〉+ s|110〉+ t|111〉, (6)
with |h| > 0. By choosing the phases of |1〉1 and |0〉1,2,3
we can always make t, u, v, s ≥ 0, respectively. The ex-
pansion above can be regarded as an alternative canoni-
cal form for 3-qubit pure state and, comparing with the
one in [20], has the advantage of being applicable to
higher level systems. A magic basis of a given state can
be specified by its closest product state (see Appendix).
A 3-qubit pure state |ψ〉 is symmetric if all three co-
efficients {u, v, s} := A in its magic basis are equal and
asymmetric otherwise. For an asymmetric state there are
at least two different elements in A so that |h| is differ-
ent from at least one coefficient in A and, by the freedom
of choosing which qubit to have label 3, we can always
choose s = 0 if 0 ∈ A and s 6= |h| if 0 6∈ A. Apart from
s there is at least one nonzero element in A, and we can
suppose u > 0 by the freedom of choosing which qubit
to have label 1. For a fully entangled |ψ〉 we have either
t > 0 or t = 0 with at least two elements in A being
nonzero. In this case s > 0 infers u, v > 0 so that for a
fully entangled asymmetric state we can always assume
without loss of generosity
|h| 6= s, u > 0, t+ s+ v > 0. (7)
Theorem The 3-particle Hardy-type test Eq.(3) is
passed by all the fully entangled asymmetric pure states
as well as by all the symmetric pure states with i) t 6= 0,
s 6= 0, and h 6= s or ii) t = 0, s 6= 0, and |h| 6= s, while is
failed by all the other symmetric pure states.
Outline of proof. Detailed proof can be found in Ap-
pendix. We denote by |ϕ∗〉 the complex conjugate state
of an arbitrary single-qubit state |ϕ〉 in a given basis
and |ϕ¯〉 := J |ϕ∗〉 is orthogonal to |ϕ〉 with J = iσy.
For later use we introduce three single-qubit operators
C = C0+zC1, C˜ = z
∗C0−C1, and D = xD0+yD1 with
complex x, y, z being arbitrary, where C0,1 have matrix
elements, with µ, ν, τ = 0, 1,
〈ν|Cτ |µ〉 = 〈ψ|µ, ν, τ〉, 〈µ|Dτ |ν〉 = 〈ψ|τ, µ, ν〉. (8)
In the magic basis of a given 3-qubit pure state |ψ〉, the
last four conditions in Eq.(3) determine the measurement
settings to be,
|a1〉 = x|0〉+ y|1〉, |b1〉 = C†C|a1〉;
|a2〉 = JCC†C|a1〉, |b2〉 = JC|a1〉; (9)
|a3〉 = JDTC∗|a∗1〉, |b3〉 = |0〉+ z|1〉,
with z being arbitrary and (x, y) satisfying |x|2+ |y|2 = 1
being determined by the second condition Eq.(3b)
〈ψ|a1a2b¯3〉 = 〈a
∗
1|C
TC∗CT JC˜|a1〉 = 0. (10)
For those states specified in the first part of Theorem, by
excluding at most ten values of z, we can assure that the
first condition Eq.(3a) is also satisfied. For those sym-
metric states specified by the second part of Theorem,
i.e., GHZ-like states cos θ|000〉+ sin θ|111〉 and states
1
2
sin θ
(
|000〉+ |011〉+ |101〉+ |110〉
)
+ cos θ|111〉 (11)
the solutions to Eq.(10) always lead to 〈ψ|a1a2a3〉 = 0
for arbitrary complex z, i.e., condition Eq(3a) cannot be
satisfied so that these states fail our Hardy-type test. 
Some remarks are in order. First, it has been shown
in [19] that all fully entangled symmetric pure 3-qubit
states, especially those exceptional symmetric states that
fail our test, pass another Hardy-type test for genuine
tripartite nonlocality. Together with this result for sym-
metric cases, whose proof is included in Appendix for
completeness, our result for asymmetric cases implies
that every fully entangled 3-qubit pure state passes a
Hardy-type test for genuine tripartite and therefore is
genuine tripartite nonlocal. This shows a dramatical dif-
ference between the bipartite and tripartite nonlocality.
In the bipartite case not all pure states, e.g., all the max-
imally entangled states, can exhibit Hardy-type nonlo-
cality while all tripartite entangled pure states exhibit
Hardy-type nonlocality.
Second, for an arbitrary tripartite entangled pure state
with the underlying Hilbert space having arbitrary di-
mensions, we have expansion
|ψd〉 = hd|000〉+
∑
j,k,l 6=0
tjkl|jkl〉
+
∑
j,k 6=0
(
ujk|0jk〉+ vjk|j0k〉+ sjk|jk0〉
)
. (12)
in its magic basis with hd 6= 0. If there exist j, k, l 6= 0
such that tjkl 6= 0 then we make a local projection to the
3-qubit subspace spanned by {|0〉1, |j〉1} ⊗ {|0〉2, |k〉2} ⊗
{|0〉3, |l〉3}. If tjkl = 0 for all possible j, k, l then, since |ψ〉
is fully entangled, we can suppose ujk 6= 0 and spq 6= 0
for some j, k, p, q without lose of generosity. After locally
projecting qudit 1 and 2 to the 2-qubit subspace spanned
by {|0〉, |p〉1} ⊗ {|0〉2, |j〉2} we obtain
|ψ′d〉 = hd|000〉+ |0jφ〉+ |p0φ
′〉+ cpj |pj0〉 (13)
where |φ〉3 and |φ′〉3 are two single-qudit states orthogo-
nal to |0〉3 with nonzero norms. Let a normalized |φ+〉 ∝
|φ〉 if |φ〉 is proportional to |φ′〉 and |φ+〉3 ∝ |φ〉3 + |φ′〉3
if otherwise. After a further local projection to the
2 dimensional subspace of the third qudit spanned by
{|0〉3, |φ+〉3}, the first three terms in Eq.(13) are left,
since |φ+〉 has non vanishing overlaps with both |φ〉 and
|φ′〉. In either cases we obtain a fully entangled 3-qubit
state in its magic basis (may be different from the one
defined by the closest product state) by a local projec-
tion: in the first case we have t 6= 0 while in the second
case we have t = 0 with at least two coefficients among
u, v, s being nonzero. Therefore, according to the above
discussion for 3-qubit pure states, we conclude that every
tripartite entangled pure state passes a Hardy-type test
and therefore exhibits genuine tripartite nonlocality.
Third, our 3-particle Hardy-type test has a direct gen-
eralization to arbitrary number of particles. The origi-
nal Hardy’s test for two particles [11] contains conditions
P (aa) > 0 and P (h) = 0 for every h ∈ H2 = {ab¯, b¯a, bb}
or simply P (H2) = 0. Our 3-particle Hardy-type test
can be written as P (a3) > 0 and P (H3) = 0 with
H3 = {aH2, bab, b¯b¯b}. Suppose that P (a
n−1) > 0 and
P (Hn−1) = 0 are Hardy-type test for n − 1 particles,
then P (an) > 0 and P (Hn) = 0 where
Hn = {aHn−1, ba
n−3ab, b¯an−3b¯b} (14)
give rise to a Hardy-type test for n particles which can
be proved to be failed by all local non-signaling models
(see Appendix).
As a final remark, the maximal surviving probability
qn = maxP (a
n) can be found analytically for arbitrary
n [21]. In the case of three qubits we have
q3 =
(1− ξ2)ξ2
(2 + ξ)2
≈ 0.0347513, (15)
with ξ being the unique positive root of x3 + 4x2 − 2 =
0. We note that this bound is device independent. For
another example in the following 3-qubit state
|00+〉+ |010〉 − |10+〉 − 3|011〉 − 3|11+〉 (16)
if we choose the same measurement settings |a〉 = |0〉 and
|b〉 ∝ |+〉 = |0〉+ |1〉, corresponding to the measurements
of observables σz and σx, respectively, for all three qubits
then all conditions in Eq.(3) are satisfied with a near-
optimal survival probability 1/32 ≈ 0.03125.
To conclude, with the help of a Hardy-type argument
we have proved that tripartite entangled pure states do
not admit a non-signaling local model and thus exhibit
genuine tripartite nonlocality. In other words, in order
to reproduce the correlations in a tripartite entangled
pure state by a hybrid local/nonlocal model, at least one
observer must have access to signaling correlations with
others. Thus we have established a strong equivalence be-
tween genuine multipartite entanglement and nonlocality
for tripartite pure states. It is highly possible to gener-
alize this equivalence to more than 3 particles. In view
of existing experimental implementations of Hardy’s two-
particle test [22, 23], our 3-particle gedanken experiment
is also within the reach of current technologies.
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APPENDIX
Magic basis for a tripartite pure state — For a given
3-qudit pure state, a magic basis is a computational basis
{|0〉, |1〉, . . .} ⊗ {|0〉, |1〉, . . .} ⊗ {|0〉, |1〉, . . .} under which
〈ψ|000〉 6= 0, 〈ψ|φk0k+10k+2〉 = 0, (A.1)
for any pure state |φ〉k that is orthogonal to |0〉k for
k = 1, 2, 3 with indices 4, 5 being identified with 1,2, re-
spectively. A magic basis of |ψ〉 always exists and, e.g.,
can be defined by its closest product state |p〉 = |p1p2p3〉
that maximizes |〈ψ|p〉|2 among all product states. First,
we have h = 〈ψ|p〉 6= 0 since |〈ψ|p〉|2 is the largest over-
lap between |ψ〉 and a product state. Second, if there
were some k, e.g., k = 3, such that g = 〈ψ|p1p2φ3〉 6= 0
for some |φ〉3 orthogonal to |p3〉3, then we would have
|〈ψ|p1p2φ′3〉|
2 = |h|2+ |g|2 > |h|2 where |φ′〉3 ∝ h∗|p3〉3+
g∗|φ〉3 is normalized. This contradicts the definition of
the closest product state so that conditions in Eq.(A.1)
are satisfied, i.e., the computational basis with |p1p2p3〉
taken as |000〉 is a magic basis.
Proof of Theorem — For a given pure 3-qubit state,
all possible measurement settings satisfying the last four
conditions in Eq(3) are those given in Eq.(9) with arbi-
trary complex z and (x, y). In fact, by assuming |a1〉 and
|b3〉 as in Eq.(9), it follows from condition Eq.(3d) that
0 = 〈ψ|a1b2b3〉 = 〈b
∗
2|C|a1〉,
which leads to 〈b∗2| ∝ 〈a
∗
1|C
TJ since 〈a∗1|G
TJG|a1〉 = 0
for an arbitrary 2× 2 matrix G. From condition
0 = 〈ψ|b¯1b¯2b3〉 = 〈b¯
∗
2|C|b¯1〉
it follows |b¯1〉 ∝ JCT |b¯2〉 ∝ JCTC∗|a∗1〉, using |b2〉 ob-
tained above. From condition
0 = 〈ψ|b1a2b3〉 = 〈a
∗
2|C|b1〉
it follows 〈a∗2| ∝ 〈b
∗
1|C
T J ∝ 〈a∗1|C
TC∗CTJ , using |b1〉
obtained above. From condition
0 = 〈ψ|a1b¯2a3〉 = 〈b¯
∗
2|D|a3〉
it follows |a3〉 ∝ JDT |b¯2〉 ∝ JDTC∗|a∗1〉.
All six states in Eq.(9) have nonzero norms for arbi-
trary |a1〉 if z makes C invertible, which is obvious ex-
cept possibly for |a3〉. Since C|a1〉 = D|b3〉, we have
〈a¯3|b3〉 = 〈a1|C†C|a1〉 > 0 so that the state |a3〉 also
has a nonzero norm if C is invertible. Recalling that the
single qubit operators C,D have matrix forms
C =
(
h vz
uz s+ tz
)
, D =
(
hx vy
sy ux+ ty
)
.
Matrix C is not invertible if and only if
detC = h(s+ tz)− uvz2 = 0,
which has at most two solutions of z for a fully entangled
|ψ〉 since h 6= 0 and t+ s+ uv > 0. If we choose z such
that detC 6= 0, as we will always do in what follows, at
most 2 values of z are excluded.
In a given pure state |ψ〉, each joint probability appears
in Eq.(3), e.g., P (a1b¯2a3), becomes proportional to, e.g.,
|〈ψ|a1b¯2a3〉|2 and so on. The second condition Eq.(3b)
becomes Eq.(10) which turns out to be a homogenous
quadratic equation
x2F00 + xy(F01 + F10) + y
2F11 = 0 (A.2)
in x and y where F = CTC∗CT JC˜ with its matrix ele-
ments Fµν = 〈µ|F |ν〉 (µ, ν = 0, 1) being independent of
x, y. This is a quadratic equation of x/y or y/x if F00 6= 0
or F11 6= 0, respectively, with at leas one solution and has
a solution x = 0 or y = 0 if otherwise. That is, Eq.(10)
has at least one solution (x, y) for any given z.
At this stage, by choosing the measurement settings
as in Eq.(9) with z not taking at most two values that
makes detC = 0 and (x, y) determined by Eq.(10) for
the given z, all conditions in Eq.(3) are satisfied except
possibly for the first condition, which reads
|〈ψ|a1a2a3〉|
2 = |〈a∗1|C
TC∗CT JDJDTC∗|a∗1〉|
2
= 〈a∗1|(C
TC∗)2|a∗1〉
2| detD|2 > 0. (A.3)
Since we have chosen z such that detC 6= 0 the above
condition is equivalent to detD 6= 0. We have to avoid
such values of z that (x, y) determined by Eq.(10) also
makes detD = 0.
Let us examine under what conditions the equation
Eq.(10) holds simultaneous with
detD = hux2 + htxy − svy2 = 0,
which has at most two solutions (x±, y±) for a fully en-
tangled |ψ〉. Denote by D± = D|(x,y)=(x±,y±) and it
holds DT± = |p〉〈q| with |p〉 and |q〉 having nonzero norms
because D± is of rank 1 and is nonzero. By plugging
|a1±〉 = x±|0〉+ y±|1〉 into Eq.(10) we obtain
〈a∗1±|C
TC∗CT JC˜|a1±〉
= 〈b∗3|D
T
±C
∗
(
|a∗1±〉〈a
∗
1±|+ |a¯
∗
1±〉〈a¯
∗
1±|
)
CT JD±|b¯3〉
= 〈b∗3|p〉〈q|D˜
∗
±|b
∗
3〉〈b
∗
3|D˜
T
±|q¯〉〈p
∗|b¯3〉 = 0 (A.4)
where
D˜± = y
∗D0 − x
∗D1 =
(
hy∗ −vx∗
−sx∗ uy∗ − tx∗
)
.
In the first equality above we have used the identities
C|a1±〉 = D±|b3〉 and C˜|a1±〉 = D±|b¯3〉. In the second
equality we have used the identities 〈a¯∗1±|C
T = 〈b∗3|D˜
T
±,
〈a∗1±|C
T = 〈b∗3|D
T
±, and D
T
±JD± = J detD± = 0.
It turns out that D˜T±|q¯〉 has a nonzero norm because
D˜T±|q¯〉〈p
∗| = D˜T±JD± 6= 0 which follows from the fact
〈b∗3|D˜
T
±JD±|b3〉 = 〈a¯
∗
1±|C
T JC|a1±〉 = detC 6= 0.
And 〈q|D˜∗± has a zero norm if and only if D
T
±D˜
∗
± = 0 or
(|h|2 − s2)x±y± = 0,
−hvx2± + suy
2
± − stx±y± = 0,
h∗vy2± − sux
2
± − tsx±y± = 0,
(u2 − t2 − v2)x±y± + ut(y
2
± − x
2
±) = 0.
The first equation holds if and only if either x±y± = 0
or x±y± 6= 0 and |h| = s. If x±y± = 0 then we have
v = su = ut = 0 from the last three equations, meaning
that the state has to be symmetric with s = u = v = 0,
which corresponds to GHZ-like states. If |h| = s then
the state has to be symmetric with x±, y± satisfying
s2y2± = hx±(sx± + ty±). From the second equation
above we obtain (h − s)t = 0, from which it follows ei-
ther i) h = s or ii) t = 0 leading to |h| = s due to the
third equation above. In these three cases the solutions
to Eq.(10) coincide with (x±, y±) so that our test fails.
Otherwise, especially for asymmetric states, Eq.(A.4) has
exactly four solutions of z for each (x±, y±). Thus, by
excluding at most 8 values of z, equations Eq.(10) and
Eq.(A.3) hold simultaneously, i.e., the test is passed.
To summarize, for asymmetric pure states and those
symmetric states specified in the first part of Theorem,
we have only to exclude at most 2+8=10 values of z to
satisfy both Eq.(10) and Eq.(A.3), i.e., all conditions in
Eq.(3) are satisfied. 
A Hardy-type test for symmetric 3-qubit states — The
Hardy-type test [19] for three particles includes six condi-
tions in which five of them coincide with the first five con-
ditions in Eq.(3) and the other condition is P (b¯1a2a3) =
0. For every bipartite cut there is always a set of four
conditions that is a conditioned Hardy’s 2-particle test
and thus all non-signaling local models fail this Hardy-
type test. For an arbitrary symmetric pure state
|ψs〉 = h
∗|000〉+ s(|011〉+ |101〉+ |110〉) + t|111〉,
if we choose the measurement settings for the first two
qubits to be identical, then only the first four condi-
tions in Eq.(3) has to be satisfied. Consider the mea-
surement settings |a1〉 = |a2〉 = |x〉 := |0〉 + x|1〉 and
|b1〉 = |b2〉 = JDD†|x∗〉 together with |b∗3〉 = D
T |x〉 and
|a3〉 = JDTD∗DT |x〉 with x being arbitrary for the mo-
ment. It can readily be checked that all three conditions
Eq.(3b-3d) are satisfied. As a result
〈ψs|a1a2a3〉 = 〈x
∗|DJDTD∗DT |x〉
= 〈x¯|D∗DT |x〉detD := R(x) detD.
Here R(x) is a polynomial of a degree ≤ 4 for |x|
with the phase eiγ = x/|x| fixed. The constant term
of R(x) vanishes while the linear term of R(x) reads
(|h|2 − 2s2)x − hsx∗ which is nonzero if we take 2γ 6=
β, β + π with eiβ = h/|h|. Thus R(|x|eiγ) = 0 has at
most 4 roots for |x|. For entangled |ψs〉 the equation
detD = 0 is a quadratic equation for x with at most
two solutions for x. If we take γ as specified above and
exclude at most 4+2=6 values of |x| then we can always
ensure 〈ψs|a1a2a3〉 6= 0 so that P (a1a2a3) > 0, i.e., the
first condition is also satisfied.
Hardy-type test for n particles — Consider a system
composed of n subsystems possessed by n distant ob-
server labeled with the index set I = {1, 2, . . . , n}. Each
observer k ∈ I measures two dichotomic observables
{ak, bk} with outcome labeled with {0, 1}. Let PI de-
note the set of all nontrivial partitions of I, i.e., un-
ordered pairs {α, β} such that α ∪ β = I and α ∪ β = ∅
with α, β ⊂ I. In the most general hybrid local/nonlocal
model, the joint probability P (aI) of observer k measur-
ing observable ak with outcome 0 for all observers k ∈ I
assumes the following bi-local form
P (aI) =
∑
{α,β}∈PI
∫
dλ ̺αλL
α
λ(aα)S
β
λ (aβ). (A.5)
Here Sαλ and L
β
λ are some multipartite probability dis-
tributions on subsystems α and β, respectively, for a
given hidden variable λ distributed according to ̺αλ , re-
spectively. Those multipartite correlations are further
restricted by non-signaling conditions, e.g., they should
satisfy conditions similar to Eq.(2).
Hardy’s test for two particles can be simply denoted
by P (aa) > 0 and P (h) = 0 for all h ∈ H2 = {ab¯, b¯a, bb}
or simply P (H2) = 0. And our 3-particle Hardy-type
test can be written as P (aaa) > 0 and P (H3) = 0 with
H3 = {aH2, bab, b¯b¯b}. Suppose that P (an−1) > 0 and
P (Hn−1) = 0 are Hardy-type test for n − 1 particles,
then P (an) > 0 and P (Hn) = 0 where
Hn = {aHn−1, ba
n−3ab, b¯an−3b¯b}
= {aJab¯, aJ b¯a, aJbb, aJ\kbkab, aJ\k b¯kb¯b}k∈J
with J = {1, 2, . . . , n− 2}, are the Hardy-type test for n
particles, i.e., these 2n conditions are incompatible with
the bi-local form Eq.(A.5). In fact, being a Hardy-type
test for last n − 1 particles conditioned on the first ob-
server’s measuring observable a with 0 as outcome, the
first 2(n − 1) conditions P (an) > 0 and P (aHn−1) = 0
cannot be satisfied if the last n− 1 particles are not fully
correlated. This leaves us a unique possibility that the
first particle is isolated while all the other n− 1 particles
may share some multipartite correlations. From the con-
dition P (an) > 0 it follows that there exist some hidden
variables λ such that Lλ(a1)Sλ(a2 . . . an) > 0. This is
impossible because of the following contradiction
0 = Lλ(b¯)Sλ(a
n−3b¯b) + Lλ(a)Sλ(a
n−3bb)
≥ min{Lλ(b¯), Lλ(a)}[Sλ(a
n−3b¯b) + Sλ(a
n−3bb)]
= min{Lλ(b¯), Lλ(a)}[Sλ(a
n−3a¯b) + Sλ(a
n−3ab)]
≥ [Lλ(a)− Lλ(b)]Sλ(a
n−3ab)
= Lλ(a)[Sλ(a
n−3ab) + Sλ(a|a
n−3ab¯)]
= Lλ(a)[Sλ(a
n−3aa) + Sλ(a|a
n−3aa¯)]
≥ Lλ(a)Sλ(a
n−2) > 0. (A.6)
Here the first equality is because both b¯an−3b¯b and
an−2bb belong toHn and the third equality equality is be-
cause ban−3ab and an−1b belong to Hn while the second
and the fourth equalities are due to non-signaling condi-
tions. Thus we conclude that the bi-local form Eq.(A.5)
is incompatible with our n-particle Hardy-type test.
